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Motivation

* Over 95% of world energy comes from thermal processes
« Improvements in efficiency impact energy conservation and CO, emissions

Thermal Processes

I oi 31.9%
Coal/Peat 27.1%
Gas 22.1%

. Nuclear 4.9%

. Hydro 2.5%

. Solar/Wind/Other 1.7%
. Biofuels 9.8%

1.7% 2.5%

Non-thermal Processes

International Energy Agency (2016)
https://www.iea.org/statistics/?country=WORLD&year=2016&cateqory=Enerqy%20supply&indicator=T

PESbySource&mode=chart&dataTable=BALANCES
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Solid State Heat Engines

« Advantages:
* No moving parts
* Robust, infinite lifetime, no maintenance

» Technologies

» Magnetocaloric engines, adiabatic demagnetization:
* Require heat switches
* Require a magnetic field

» Electrocaloric engines:
* Require heat switches
* Very low power

* Thermoelectrics:
» Very high power density (specific power) - Light weight
» Easy to control
« Suitable to power levels up to 1 kW

Heremans & al., Nature Nano. 8, 471-(2013)



Thermoelectrics: Fundamentally new approaches are necessary

* Thermoelectrics have low efficiency, low ZT

» Since ~2013, thermoelectric research has stalled at ZT ~ 2.2 + 0.4

* Projected limit of ZT ~ 4 (G. A. Slack, CRC Handbook on Thermoelectricity, 1997)
 Need approaches based on 215t century physics

Increase the thermOpOwer of solids with hlgh Lower lattice thermal Conductivity
electron density. Amorphous limit is ~ reached
Break Mott relation based on Fermi statistics /
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Structure of This Lecture

1. Spin-based Energy Conversion
1. Introduction: Solid-state Thermal Energy Conversion
2. The Spin-Seebeck Effect
3. Magnon-drag and Paramagnon-drag Thermopower

Phonons and Diamagnetism
Outlook



Heat Engines as Rectifiers

* Heat is the random motion of (quasi-) particles:
» Electrons, magnons, atoms (phonons), molecules

* Work is unidirectional motion - A heat engine is some form of rectifier
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Hero of Alexandria
10-70 AD

Hot plate

Coldplate Cold plate

Newcomen engine Thermoelectric generator
1720 1960°s



1.1 Introduction: Solid-state Thermal Energy Conversion

* Precession waves in the magnetization (magnons): precession is counter-clockwise
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 Thermally driven spin effects that produce work:
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» Spin-Seebeck Effect
 Magnon drag
* Mixed spin-Seebeck/Anomalous Nernst Effects
« Paramagnon drag

E. Saitoh, “Spin Currents” p. 324, 2" Ed., Oxford
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1.2 The Spin-Seebeck Effect (SSE)

VT drives the magnon spin current
Transfer of spin angular momentum across interfaces spin-polarizes Pt electrons

Spin-orbit interactions in PT convert

Js => Eishe

Overall spin-Seebeck coefficient:

_ EISHE,y

S
YT VT




The Spin-Seebeck Effect (SSE)

» Spin-Seebeck Effect has been observed in:

* Ferromagnetic metals and
semiconductors

» Permalloy: Uchida & al. (Saitoh group,
Tohoku U.), Nature 455 778 (2008)

e GaMnAs: Jaworski & al. (OSU), Nature
Materials 9 898 (2010)

 YIG: Uchida & al., Nature Materials 9
894 (2010)

» Antiferromagnets

 MnF,: Wu & al. (A. Hoffman, ANL),
Phys. Rev. Lett. 116, 097204 (2016)

e Paramagnets

« Paramagnetic garnets: Wu & al.,
Phys. Rev. Lett. 114, 186602 (2015)

 Semiconductors with electrons on
Zeeman-split Landau levels InSb

(diamagnet): Jaworski et al. (OSU), Nature
487 213 (12)
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Thermopower of Fermions versus Bosons

 Thermopower is (single-particle picture) the entropy per particle H. Callen,

Thermodynamics, Wiley 1960

« Thermopower of electrons is small at high concentration because electrons are

fermions: } (7Z'kB)2T

Qi = 6E
F

 Thermopower of bosons does not have this limitation:

Magnon chemical potential, measures out-
of-equilibrium magnon accumulation

amagnonic = V-I-

Vandaele, ...JPH, Materials Today Physics (2017).

~ Specific heat per
n particle, not limited by
m the density of particles
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Magnon Heat Current =2 Spin Current

Heat current of spin-wave implies a spin current - A temperature gradient implies a
magnetization gradient.

jQ = Kyiacnon Y T
jQ — kBT'jMAGNON
Js € 7. Jyaenon € f kT Kyanon ¥ T

o O ug

v o€ 945 Juacnon

kT Kyaanon ¥ T

Magnon thermal conductivity measurements in YIG:
Boona & Heremans, Phys. Rev. B 90, 064421 (2014)
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Onsager Reversibility: Spin-Peltier Effect

>

» Spin flux in ferromagnet

carried by magnons or spin-polarized
electrons

pushed by heat current

« Spin transfer FM->Pt at the interface: J?

exchange interaction between free electrons in
the metal (“s”) and “d"-electrons on Fe atoms
in FM

Exponential decay of spin-polarization in Pt

YIG

3|

> o O O

Pt

Flipse... B. van Wees, Phys. Rev. Lett. 113, 027601 (2014)

» Reversible effect follows Onsager reciprocity

Spin accumulation in Pt (e.g., by spin-Hall
Effect)

Spin transfer Pt->FM, generating magnons or
spin-polarization of electrons in FM

Exponential decay of spin current J5 in FM



1.3 Advective Transport: Spin-Seebeck Effect and Magnon Draq

Spin Seebeck Effect
%fctrons f

->

:%

Magnon

Magnon-Drag Effect

Ferromagnetlc Metal

Phonon Magnon

Boona...JPH, APL Materials 4, 104502 (2016)



Magnon Draqg (MD)

 DRAG is advective transport inside a bulk sample
 Thermal force is exerted on magnons via phonon-magnon coupling
« Magnon flux drags electron flux via s-d interactions (very strong)
« 1 to 2 orders of magnitude stronger than diffusion thermopower
« Rare example of a spin-mediated effect larger than a charge-mediated effect

* History:
* The thermopower of Fe is due to MD: Blatt & al., Phys. Rev. Lett. 18, 395 (1967)
» Relation MD/SSE: Lucassen & al., Appl. Phys. Lett. 99, 262506 (2011)

» Hydrodynamic theory and fit to Fe, Co, & Ni: Watzman, ... JPH, Phys. Rev. B 94,
144407 (2016)

» Landau-Lifshitz theory: Flebus et al., Euro Phys. Lett. 115, 57004 (2016).



Hyvdrodynamic Model

« Hydrodynamic theory of magnon-drag thermopower

magnon specific heat |C,, o« T¥? for FM

/ «T?® for AFM

2C,, 1
3ne l+r, /7,

=+

b

Concentration of
free electrons

Tm Total momentum relaxation time for magnons.
Tem Magnon momentum relaxation time limited by magnon-electron interactions.
T, Magnon lifetime in the AFM (7 sgy) and PM (7. py) regimes

S. J. Watzman,& al. (OSU) Phys. Rev. B 94 144407 (2016) 15



Hyvdrodynamic Model

C,, o« T¥* for ferromagnet
o« T®  for antiferrmomagnet

~

. 2C,

94 T
" T 3ne

T 3/20r3
at low temperature

OMD A
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Hyvdrodynamic Model

 Elemental Fe and Co

T IIIII]] ) I |1|||[ 100:|||||| T T I
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o1 7 -
F/ 3
0‘1 IIII| 1 _IAIII 1 1 1 1 11111 1 1 |||||r
100 10 100 1000
T (K) T (K)

« Magnon dispersions and C,, are known
« Charge carrier concentrations are known

» S-d scattering dominates - assume all magnon scattering is with electrons - No
adjustable parameters

* aypis 10 times larger than a ;¢ ¢!

S. J. Watzman,& al. (OSU) Phys. Rev. B 94 144407 (2016)



Thermoelectric Power Factors from Magnon Draqg
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» But these are metals. Can this be applied to thermoelectric semiconductors?
* No known ferromagnetic semiconductors at room temperature

18



MnTe

» Antiferromagnetic semiconductor
* Hexagonal NiAs structure
* Neel temperature TN ~ 307 K

» Curie-Weiss temperature 9 = -585
for single-crystal MnTe

 Lithium = aliovalent acceptor

 This study: Li,Mn,_ Te
X (at%) = 0.3, 1,2,3,4,6%

Hole concentration 5x101° to 1021 cm-3
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J. D. Wasscher and C. Haas. Physics Letters 8 302-304 (1964)
P. Villars, PAULING FILE in: Inorganic Solid Phases, SpringerMaterials.
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Thermopower, Resistivity, Thermal Conductivity, and ZT >1 In

Simple Binary Semiconductor
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Y. Zheng, et al. collaboration OSU/NCS/ONRL/Chinese Acad. Sci, Science Adv. (under review)
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Thermopower

T < Ty : Magnon-drag

2C 1
Ay = £ —0-
o T 3ne 1+t 7]
C cT?

magnon

« Quantitative calculation (upon
request) reproduces the data
well

400
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T[K]
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Thermopower

T > Tyg : Hypothesis: paramagnon-drag

V_ . . 400 ' 1 '| 1 ' 1 ' 1
SIon- T el Li content
* Local thermal - | '
fluctuations of the AFM | PM ® °%% [03% @
magnetization 300 ® 1
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correlations l—”é ° H
 Have a finite lifetime >_'. 200 0
Drag elect = 3% 4
rag electrons = 4% P
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100 ¢ &
0

0 200 400 600 800 1000
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Y. Zheng, et al. Science Adv. (under review) 22



Ineleastic Neutron Scattering

E (meV)

E (meV)

E (meV)

E (meV)

R. Hermann, ONRL, Science Adv. (under review)
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PM: Paramagnon Draq

« Paramagnons are short-lived, locally ordered spin fluctuations
 AE - Paramagnon lifetime

7w = 27¢1 fs

* AQ —> Spin-spin correlation length
&~ 2.320.3 nm

E (meV)

T pw ®27£1fs >> 7,~ 3£2 fs (electron scattering)\

To electrons,
£~ 2.3:t0.3 nm >> ;5 ~0.6 nm & ag"~ 0.5 nm > paramagnons

electron effective look like
de Broglie Bohr magnons
wavelength radius ]

Opens the possibility of using dilute magnetic semiconductors as thermoelectrics



2. Phonons and Diamagnetism

 Lattice distortion due to phonons locally perturbs the valance band
» This creates a local change in diamagnetic susceptibility
* In the presence of a magnetic field - local variation of magnetization

—>Magnetic force on atoms

- Perturbs interatomic force

- Change in Gruneisen parametery @ = a)(XO, K, matoms)
k =k(X,X,)
d In(w)

V= dIn(v)

—>Magnetoresistance in the lattice thermal conductivity

H. Jin & al. (OSU): Nature Materials 14, 601-606 (2015)



Anharmonicity and Lattice Thermal Conductivity

Phonons scattered by
defects (isotopes, ...)

Phonons scattered by other phonons

100

Phonons scattered by lxo-g Debve Tem
crystal boundaries [\ Average y P Volume

3 Mass of per atom
X Atoms
g oo \\ v '/1/3
; M ga\/atom
> K. = A > 2
> foy T
O - A%
S Silicon / \
g 1 — model Smattering
o of # atoms
T R in cell
& —o-data Constants
o
=

0.1 . . Grineisen

1 10 100 1000 Parameter
Temperature (K)
Morelli, Heremans & Slack Physical Review B 66, 195304 (2002) 26
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		Modified Debye Callaway fit to the thermal conductivity of silicon

		T(K)		natural		enriched		disrodered		some experimental data

		2		0.3177		1.119		0.3093		natural				enriched

		3		1.048		3.776		0.9572		T		K		T		K

		4		2.371		8.946		1.985		3		1		2.3		2

		5		4.322		17.45		3.297		4		2		4		8

		6		6.844		30.08		4.781		10		20		10		130

		7		9.832		47.55		6.338		15		36		20		230

		8		13.16		70.23		7.904		20		45		30		200

		9		16.71		97.5		9.425		25		46		50		90

		10		20.34		126.6		10.87		35		38		70		30

		11		23.94		152.4		12.22		50		26		100		14

		12		27.37		170.7		13.45		60		21		200		4

		13		30.51		180.9		14.55		70		17		300		2.38

		14		33.28		185.7		15.52		80		13.9		300		2.38

		15		35.61		188.7		16.35		90		11.4		300		2.38

		16		37.47		192.2		17.04		100		9.5		300		2.38

		17		38.89		197.1		17.6		125		6		300		2.38

		18		39.91		203.7		18.03		150		4.2		300		2.38

		19		40.59		211.4		18.34		175		3.25		300		2.38

		20		41.01		219.2		18.54		200		2.66		300		2.38

		21		41.23		226.1		18.64		250		1.95		300		2.38

		22		41.3		231		18.66		300		1.56		300		2.38

		23		41.26		232.9		18.6		400		1.05		300		2.38

		24		41.14		231.6		18.47		500		0.8		300		2.38

		25		40.97		226.9		18.3		600		0.64		300		2.38

		26		40.74		219.3		18.08		700		0.52		300		2.38

		27		40.47		209.4		17.82		800		0.43		300		2.38

		28		40.15		198.1		17.54		900		0.356

		29		39.78		185.9		17.23		1000		0.31

		30		39.36		173.5		16.9

		31		38.88		161.2		16.56

		32		38.35		149.4		16.21

		33		37.77		138.2		15.85

		34		37.13		127.9		15.49

		35		36.44		118.3		15.13

		36		35.71		109.5		14.77

		37		34.94		101.4		14.41

		38		34.14		94.09		14.05

		39		33.31		87.43		13.7

		40		32.47		81.38		13.35

		41		31.62		75.89		13.01

		42		30.75		70.9		12.67

		43		29.89		66.36		12.35

		44		29.04		62.23		12.03

		45		28.2		58.47		11.72

		46		27.37		55.04		11.42

		47		26.55		51.9		11.13

		48		25.76		49.03		10.84

		49		24.99		46.4		10.57

		50		24.24		43.98		10.3

		51		23.51		41.75		10.05

		52		22.81		39.7		9.8

		53		22.13		37.81		9.56

		54		21.48		36.05		9.328

		55		20.86		34.43		9.104

		56		20.25		32.92		8.888

		57		19.67		31.52		8.68

		58		19.12		30.21		8.479

		59		18.59		28.99		8.284

		60		18.07		27.85		8.097

		61		17.58		26.79		7.916

		62		17.11		25.79		7.741

		63		16.66		24.85		7.572

		64		16.23		23.97		7.409

		65		15.81		23.14		7.252

		66		15.41		22.36		7.1

		67		15.03		21.62		6.953

		68		14.66		20.93		6.811

		69		14.31		20.27		6.674

		70		13.97		19.64		6.541

		71		13.64		19.05		6.413

		72		13.33		18.49		6.289

		73		13.03		17.96		6.169

		74		12.74		17.45		6.053

		75		12.46		16.97		5.94

		76		12.19		16.51		5.831

		77		11.93		16.07		5.725

		78		11.68		15.66		5.623

		79		11.44		15.26		5.524

		80		11.21		14.87		5.427

		81		10.99		14.51		5.334

		82		10.77		14.16		5.243

		83		10.56		13.82		5.155

		84		10.36		13.5		5.07

		85		10.16		13.19		4.987

		86		9.976		12.89		4.906

		87		9.793		12.61		4.828

		88		9.616		12.33		4.752

		89		9.445		12.07		4.678

		90		9.279		11.82		4.606

		91		9.118		11.57		4.536

		92		8.962		11.33		4.467

		93		8.811		11.11		4.401

		94		8.664		10.89		4.336

		95		8.521		10.67		4.273

		96		8.383		10.47		4.212

		97		8.248		10.27		4.152

		98		8.117		10.08		4.094

		99		7.99		9.89		4.037

		100		7.866		9.71		3.982

		101		7.746		9.536		3.928

		102		7.629		9.366		3.875

		103		7.515		9.202		3.823

		104		7.404		9.043		3.773

		105		7.296		8.889		3.724

		106		7.19		8.739		3.676

		107		7.087		8.594		3.629

		108		6.987		8.453		3.584

		109		6.889		8.316		3.539

		110		6.794		8.182		3.495

		111		6.701		8.052		3.453

		112		6.61		7.926		3.411

		113		6.521		7.804		3.37

		114		6.435		7.684		3.33

		115		6.35		7.568		3.291

		116		6.267		7.454		3.252

		117		6.186		7.344		3.215

		118		6.107		7.236		3.178

		119		6.03		7.131		3.142

		120		5.954		7.029		3.107

		121		5.88		6.929		3.073

		122		5.808		6.832		3.039

		123		5.737		6.737		3.006

		124		5.667		6.644		2.973

		125		5.599		6.554		2.942

		126		5.533		6.465		2.91

		127		5.468		6.379		2.88

		128		5.404		6.294		2.85

		129		5.341		6.212		2.821

		130		5.28		6.131		2.792

		131		5.22		6.052		2.764

		132		5.161		5.975		2.736

		133		5.103		5.899		2.709

		134		5.046		5.825		2.682

		135		4.991		5.753		2.656

		136		4.936		5.682		2.63

		137		4.882		5.613		2.605

		138		4.83		5.545		2.58

		139		4.778		5.479		2.555

		140		4.727		5.414		2.531

		141		4.678		5.35		2.508

		142		4.629		5.287		2.485

		143		4.581		5.226		2.462

		144		4.534		5.166		2.44

		145		4.487		5.107		2.418

		146		4.442		5.049		2.396

		147		4.397		4.993		2.375

		148		4.353		4.937		2.354

		149		4.31		4.883		2.333

		150		4.267		4.829		2.313

		151		4.225		4.777		2.293

		152		4.184		4.725		2.274

		153		4.144		4.675		2.255

		154		4.104		4.625		2.236

		155		4.065		4.576		2.217

		156		4.026		4.528		2.199

		157		3.989		4.481		2.181

		158		3.951		4.435		2.163

		159		3.915		4.39		2.145

		160		3.878		4.345		2.128

		161		3.843		4.301		2.111

		162		3.808		4.258		2.094

		163		3.773		4.216		2.078

		164		3.739		4.174		2.062

		165		3.706		4.133		2.046

		166		3.673		4.093		2.03

		167		3.64		4.054		2.014

		168		3.608		4.015		1.999

		169		3.577		3.976		1.984

		170		3.546		3.939		1.969

		171		3.515		3.902		1.955

		172		3.485		3.865		1.94

		173		3.456		3.829		1.926

		174		3.426		3.794		1.912

		175		3.398		3.759		1.898

		176		3.369		3.725		1.884

		177		3.341		3.691		1.871

		178		3.313		3.658		1.858

		179		3.286		3.625		1.845

		180		3.259		3.593		1.832

		181		3.233		3.561		1.819

		182		3.207		3.53		1.806

		183		3.181		3.499		1.794

		184		3.156		3.469		1.782

		185		3.13		3.439		1.77

		186		3.106		3.41		1.758

		187		3.081		3.381		1.746

		188		3.057		3.352		1.734

		189		3.033		3.324		1.723

		190		3.01		3.296		1.712

		191		2.987		3.269		1.7

		192		2.964		3.242		1.689

		193		2.941		3.215		1.678

		194		2.919		3.189		1.668

		195		2.897		3.163		1.657

		196		2.875		3.137		1.647

		197		2.854		3.112		1.636

		198		2.833		3.087		1.626

		199		2.812		3.063		1.616

		200		2.791		3.039		1.606

		201		2.771		3.015		1.596

		202		2.751		2.991		1.586

		203		2.731		2.968		1.577

		204		2.711		2.945		1.567

		205		2.692		2.923		1.558

		206		2.672		2.9		1.548

		207		2.653		2.878		1.539

		208		2.635		2.856		1.53

		209		2.616		2.835		1.521

		210		2.598		2.814		1.512

		211		2.58		2.793		1.503

		212		2.562		2.772		1.495

		213		2.544		2.752		1.486

		214		2.527		2.732		1.477

		215		2.51		2.712		1.469

		216		2.493		2.692		1.461

		217		2.476		2.673		1.453

		218		2.459		2.653		1.444

		219		2.443		2.635		1.436

		220		2.426		2.616		1.428

		221		2.41		2.597		1.421

		222		2.394		2.579		1.413

		223		2.379		2.561		1.405

		224		2.363		2.543		1.398

		225		2.348		2.526		1.39

		226		2.332		2.508		1.383

		227		2.317		2.491		1.375

		228		2.302		2.474		1.368

		229		2.288		2.457		1.361

		230		2.273		2.44		1.353

		231		2.259		2.424		1.346

		232		2.244		2.408		1.339

		233		2.23		2.392		1.332

		234		2.216		2.376		1.326

		235		2.202		2.36		1.319

		236		2.189		2.345		1.312

		237		2.175		2.329		1.305

		238		2.162		2.314		1.299

		239		2.149		2.299		1.292

		240		2.135		2.284		1.286

		241		2.123		2.27		1.279

		242		2.11		2.255		1.273

		243		2.097		2.241		1.267

		244		2.084		2.226		1.261

		245		2.072		2.212		1.255

		246		2.06		2.199		1.248

		247		2.047		2.185		1.242

		248		2.035		2.171		1.236

		249		2.023		2.158		1.23

		250		2.011		2.144		1.225

		251		2		2.131		1.219

		252		1.988		2.118		1.213

		253		1.977		2.105		1.207

		254		1.965		2.092		1.202

		255		1.954		2.08		1.196

		256		1.943		2.067		1.191

		257		1.932		2.055		1.185

		258		1.921		2.043		1.18

		259		1.91		2.031		1.174

		260		1.899		2.019		1.169

		261		1.888		2.007		1.164

		262		1.878		1.995		1.158

		263		1.867		1.983		1.153

		264		1.857		1.972		1.148

		265		1.847		1.96		1.143

		266		1.837		1.949		1.138

		267		1.827		1.938		1.133

		268		1.817		1.927		1.128

		269		1.807		1.916		1.123

		270		1.797		1.905		1.118

		271		1.787		1.894		1.113

		272		1.778		1.883		1.108

		273		1.768		1.873		1.104

		274		1.759		1.862		1.099

		275		1.749		1.852		1.094

		276		1.74		1.842		1.089

		277		1.731		1.831		1.085

		278		1.722		1.821		1.08

		279		1.713		1.811		1.076

		280		1.704		1.801		1.071

		281		1.695		1.792		1.067

		282		1.686		1.782		1.062

		283		1.678		1.772		1.058

		284		1.669		1.763		1.054

		285		1.66		1.753		1.049

		286		1.652		1.744		1.045

		287		1.643		1.735		1.041

		288		1.635		1.726		1.037

		289		1.627		1.716		1.032

		290		1.619		1.707		1.028

		291		1.611		1.699		1.024

		292		1.602		1.69		1.02

		293		1.595		1.681		1.016

		294		1.587		1.672		1.012

		295		1.579		1.664		1.008

		296		1.571		1.655		1.004

		297		1.563		1.647		1

		298		1.556		1.638		0.9964

		299		1.548		1.63		0.9925

		300		1.54		1.622		0.9887

		301		1.533		1.613		0.9849

		302		1.526		1.605		0.9811

		303		1.518		1.597		0.9774

		304		1.511		1.589		0.9737

		305		1.504		1.581		0.97

		306		1.497		1.573		0.9663

		307		1.489		1.566		0.9627

		308		1.482		1.558		0.9591

		309		1.475		1.55		0.9555

		310		1.468		1.543		0.952

		311		1.462		1.535		0.9485

		312		1.455		1.528		0.945

		313		1.448		1.52		0.9415

		314		1.441		1.513		0.9381

		315		1.435		1.506		0.9346

		316		1.428		1.499		0.9312

		317		1.421		1.491		0.9279

		318		1.415		1.484		0.9245

		319		1.408		1.477		0.9212

		320		1.402		1.47		0.9179

		321		1.396		1.463		0.9146

		322		1.389		1.456		0.9114

		323		1.383		1.45		0.9082

		324		1.377		1.443		0.9049

		325		1.371		1.436		0.9018

		326		1.365		1.43		0.8986

		327		1.358		1.423		0.8955

		328		1.352		1.416		0.8923

		329		1.346		1.41		0.8893

		330		1.34		1.403		0.8862

		331		1.335		1.397		0.8831

		332		1.329		1.391		0.8801

		333		1.323		1.384		0.8771

		334		1.317		1.378		0.8741

		335		1.311		1.372		0.8711

		336		1.306		1.366		0.8682

		337		1.3		1.36		0.8653

		338		1.295		1.354		0.8623

		339		1.289		1.348		0.8595

		340		1.283		1.342		0.8566

		341		1.278		1.336		0.8537

		342		1.273		1.33		0.8509

		343		1.267		1.324		0.8481

		344		1.262		1.318		0.8453

		345		1.256		1.313		0.8425

		346		1.251		1.307		0.8398

		347		1.246		1.301		0.837

		348		1.241		1.296		0.8343

		349		1.236		1.29		0.8316

		350		1.23		1.284		0.8289

		351		1.225		1.279		0.8262

		352		1.22		1.273		0.8236

		353		1.215		1.268		0.8209

		354		1.21		1.263		0.8183

		355		1.205		1.257		0.8157

		356		1.2		1.252		0.8131

		357		1.196		1.247		0.8106

		358		1.191		1.242		0.808

		359		1.186		1.236		0.8055

		360		1.181		1.231		0.803

		361		1.176		1.226		0.8004

		362		1.172		1.221		0.798

		363		1.167		1.216		0.7955

		364		1.162		1.211		0.793

		365		1.158		1.206		0.7906

		366		1.153		1.201		0.7882

		367		1.149		1.196		0.7857

		368		1.144		1.191		0.7833

		369		1.139		1.187		0.781

		370		1.135		1.182		0.7786

		371		1.131		1.177		0.7762

		372		1.126		1.172		0.7739

		373		1.122		1.168		0.7716

		374		1.117		1.163		0.7693

		375		1.113		1.158		0.767

		376		1.109		1.154		0.7647

		377		1.105		1.149		0.7624

		378		1.1		1.145		0.7601

		379		1.096		1.14		0.7579

		380		1.092		1.136		0.7557

		381		1.088		1.131		0.7534

		382		1.084		1.127		0.7512

		383		1.08		1.122		0.749

		384		1.075		1.118		0.7469

		385		1.071		1.114		0.7447

		386		1.067		1.109		0.7425

		387		1.063		1.105		0.7404

		388		1.059		1.101		0.7383

		389		1.056		1.097		0.7362

		390		1.052		1.092		0.7341

		391		1.048		1.088		0.732

		392		1.044		1.084		0.7299

		393		1.04		1.08		0.7278

		394		1.036		1.076		0.7258

		395		1.032		1.072		0.7237

		396		1.029		1.068		0.7217

		397		1.025		1.064		0.7197

		398		1.021		1.06		0.7176

		399		1.017		1.056		0.7156

		400		1.014		1.052		0.7137

		401		1.01		1.048		0.7117

		402		1.006		1.044		0.7097

		403		1.003		1.04		0.7078

		404		0.9993		1.037		0.7058

		405		0.9957		1.033		0.7039

		406		0.9921		1.029		0.702

		407		0.9886		1.025		0.7

		408		0.9851		1.021		0.6981

		409		0.9816		1.018		0.6962

		410		0.9782		1.014		0.6944

		411		0.9747		1.01		0.6925

		412		0.9713		1.007		0.6906

		413		0.9679		1.003		0.6888

		414		0.9646		0.9996		0.6869

		415		0.9612		0.996		0.6851

		416		0.9579		0.9925		0.6833

		417		0.9545		0.989		0.6815

		418		0.9512		0.9855		0.6797

		419		0.948		0.982		0.6779

		420		0.9447		0.9785		0.6761

		421		0.9415		0.9751		0.6743

		422		0.9383		0.9717		0.6726

		423		0.9351		0.9683		0.6708

		424		0.9319		0.9649		0.669

		425		0.9287		0.9615		0.6673

		426		0.9256		0.9582		0.6656

		427		0.9224		0.9549		0.6639

		428		0.9193		0.9516		0.6622

		429		0.9162		0.9483		0.6605

		430		0.9132		0.945		0.6588

		431		0.9101		0.9418		0.6571

		432		0.9071		0.9386		0.6554

		433		0.9041		0.9354		0.6537

		434		0.9011		0.9322		0.6521

		435		0.8981		0.929		0.6504

		436		0.8951		0.9259		0.6488

		437		0.8922		0.9227		0.6472

		438		0.8892		0.9196		0.6455

		439		0.8863		0.9165		0.6439

		440		0.8834		0.9135		0.6423

		441		0.8805		0.9104		0.6407

		442		0.8777		0.9074		0.6391

		443		0.8748		0.9044		0.6375

		444		0.872		0.9014		0.6359

		445		0.8691		0.8984		0.6344

		446		0.8663		0.8954		0.6328

		447		0.8636		0.8925		0.6313

		448		0.8608		0.8895		0.6297

		449		0.858		0.8866		0.6282

		450		0.8553		0.8837		0.6266

		451		0.8526		0.8808		0.6251

		452		0.8498		0.878		0.6236

		453		0.8471		0.8751		0.6221

		454		0.8445		0.8723		0.6206

		455		0.8418		0.8695		0.6191

		456		0.8391		0.8666		0.6176

		457		0.8365		0.8639		0.6161

		458		0.8339		0.8611		0.6147

		459		0.8313		0.8583		0.6132

		460		0.8287		0.8556		0.6117

		461		0.8261		0.8529		0.6103

		462		0.8235		0.8501		0.6088

		463		0.821		0.8475		0.6074

		464		0.8184		0.8448		0.606

		465		0.8159		0.8421		0.6046

		466		0.8134		0.8395		0.6031

		467		0.8109		0.8368		0.6017

		468		0.8084		0.8342		0.6003

		469		0.8059		0.8316		0.5989

		470		0.8035		0.829		0.5975

		471		0.801		0.8264		0.5962

		472		0.7986		0.8238		0.5948

		473		0.7962		0.8213		0.5934

		474		0.7938		0.8187		0.592

		475		0.7914		0.8162		0.5907

		476		0.789		0.8137		0.5893

		477		0.7866		0.8112		0.588

		478		0.7842		0.8087		0.5866

		479		0.7819		0.8063		0.5853

		480		0.7796		0.8038		0.584

		481		0.7772		0.8013		0.5827

		482		0.7749		0.7989		0.5813

		483		0.7726		0.7965		0.58

		484		0.7703		0.7941		0.5787

		485		0.7681		0.7917		0.5774

		486		0.7658		0.7893		0.5761

		487		0.7636		0.7869		0.5748

		488		0.7613		0.7846		0.5736

		489		0.7591		0.7822		0.5723

		490		0.7569		0.7799		0.571

		491		0.7547		0.7776		0.5698

		492		0.7525		0.7753		0.5685

		493		0.7503		0.773		0.5672

		494		0.7481		0.7707		0.566

		495		0.746		0.7684		0.5648

		496		0.7438		0.7662		0.5635

		497		0.7417		0.7639		0.5623

		498		0.7395		0.7617		0.5611

		499		0.7374		0.7594		0.5598

		500		0.7353		0.7572		0.5586

		501		0.7332		0.755		0.5574

		502		0.7311		0.7528		0.5562

		503		0.729		0.7506		0.555

		504		0.727		0.7485		0.5538

		505		0.7249		0.7463		0.5526

		506		0.7229		0.7442		0.5515

		507		0.7208		0.742		0.5503

		508		0.7188		0.7399		0.5491

		509		0.7168		0.7378		0.5479

		510		0.7148		0.7357		0.5468

		511		0.7128		0.7336		0.5456

		512		0.7108		0.7315		0.5445

		513		0.7088		0.7294		0.5433

		514		0.7069		0.7274		0.5422

		515		0.7049		0.7253		0.541

		516		0.703		0.7233		0.5399

		517		0.701		0.7212		0.5388

		518		0.6991		0.7192		0.5376

		519		0.6972		0.7172		0.5365

		520		0.6953		0.7152		0.5354

		521		0.6934		0.7132		0.5343

		522		0.6915		0.7112		0.5332

		523		0.6896		0.7092		0.5321

		524		0.6877		0.7073		0.531

		525		0.6858		0.7053		0.5299

		526		0.684		0.7034		0.5288

		527		0.6821		0.7014		0.5277

		528		0.6803		0.6995		0.5267

		529		0.6785		0.6976		0.5256

		530		0.6766		0.6957		0.5245

		531		0.6748		0.6938		0.5234

		532		0.673		0.6919		0.5224

		533		0.6712		0.69		0.5213

		534		0.6694		0.6881		0.5203

		535		0.6677		0.6863		0.5192

		536		0.6659		0.6844		0.5182

		537		0.6641		0.6826		0.5171

		538		0.6624		0.6807		0.5161

		539		0.6606		0.6789		0.5151

		540		0.6589		0.6771		0.514

		541		0.6571		0.6753		0.513

		542		0.6554		0.6735		0.512

		543		0.6537		0.6717		0.511

		544		0.652		0.6699		0.51

		545		0.6503		0.6681		0.509

		546		0.6486		0.6663		0.508

		547		0.6469		0.6646		0.507

		548		0.6453		0.6628		0.506

		549		0.6436		0.6611		0.505

		550		0.6419		0.6593		0.504

		551		0.6403		0.6576		0.503

		552		0.6386		0.6559		0.502

		553		0.637		0.6542		0.5011

		554		0.6354		0.6525		0.5001

		555		0.6337		0.6508		0.4991

		556		0.6321		0.6491		0.4982

		557		0.6305		0.6474		0.4972

		558		0.6289		0.6457		0.4962

		559		0.6273		0.644		0.4953

		560		0.6257		0.6424		0.4943

		561		0.6241		0.6407		0.4934

		562		0.6226		0.6391		0.4924

		563		0.621		0.6375		0.4915

		564		0.6194		0.6358		0.4906

		565		0.6179		0.6342		0.4896

		566		0.6163		0.6326		0.4887

		567		0.6148		0.631		0.4878

		568		0.6133		0.6294		0.4869

		569		0.6117		0.6278		0.4859

		570		0.6102		0.6262		0.485

		571		0.6087		0.6246		0.4841

		572		0.6072		0.6231		0.4832

		573		0.6057		0.6215		0.4823

		574		0.6042		0.6199		0.4814

		575		0.6027		0.6184		0.4805

		576		0.6012		0.6168		0.4796

		577		0.5998		0.6153		0.4787

		578		0.5983		0.6138		0.4778

		579		0.5968		0.6122		0.477

		580		0.5954		0.6107		0.4761

		581		0.5939		0.6092		0.4752

		582		0.5925		0.6077		0.4743

		583		0.5911		0.6062		0.4735

		584		0.5896		0.6047		0.4726

		585		0.5882		0.6032		0.4717

		586		0.5868		0.6018		0.4709

		587		0.5854		0.6003		0.47

		588		0.584		0.5988		0.4692

		589		0.5826		0.5974		0.4683

		590		0.5812		0.5959		0.4675

		591		0.5798		0.5945		0.4666

		592		0.5784		0.593		0.4658

		593		0.577		0.5916		0.4649

		594		0.5757		0.5902		0.4641

		595		0.5743		0.5887		0.4633

		596		0.573		0.5873		0.4624

		597		0.5716		0.5859		0.4616

		598		0.5703		0.5845		0.4608

		599		0.5689		0.5831		0.46

		600		0.5676		0.5817		0.4591

		601		0.5662		0.5803		0.4583

		602		0.5649		0.579		0.4575

		603		0.5636		0.5776		0.4567

		604		0.5623		0.5762		0.4559

		605		0.561		0.5749		0.4551

		606		0.5597		0.5735		0.4543

		607		0.5584		0.5721		0.4535

		608		0.5571		0.5708		0.4527

		609		0.5558		0.5695		0.4519

		610		0.5545		0.5681		0.4511

		611		0.5532		0.5668		0.4503

		612		0.552		0.5655		0.4495

		613		0.5507		0.5642		0.4488

		614		0.5494		0.5628		0.448

		615		0.5482		0.5615		0.4472

		616		0.5469		0.5602		0.4464

		617		0.5457		0.5589		0.4457

		618		0.5445		0.5576		0.4449

		619		0.5432		0.5564		0.4441

		620		0.542		0.5551		0.4434

		621		0.5408		0.5538		0.4426

		622		0.5395		0.5525		0.4418

		623		0.5383		0.5513		0.4411

		624		0.5371		0.55		0.4403

		625		0.5359		0.5488		0.4396

		626		0.5347		0.5475		0.4388

		627		0.5335		0.5463		0.4381

		628		0.5323		0.545		0.4374

		629		0.5311		0.5438		0.4366

		630		0.5299		0.5426		0.4359

		631		0.5288		0.5413		0.4351

		632		0.5276		0.5401		0.4344

		633		0.5264		0.5389		0.4337

		634		0.5253		0.5377		0.433

		635		0.5241		0.5365		0.4322

		636		0.523		0.5353		0.4315

		637		0.5218		0.5341		0.4308

		638		0.5207		0.5329		0.4301

		639		0.5195		0.5317		0.4294

		640		0.5184		0.5305		0.4286

		641		0.5172		0.5294		0.4279

		642		0.5161		0.5282		0.4272

		643		0.515		0.527		0.4265

		644		0.5139		0.5259		0.4258

		645		0.5128		0.5247		0.4251

		646		0.5117		0.5236		0.4244

		647		0.5106		0.5224		0.4237

		648		0.5094		0.5213		0.423

		649		0.5084		0.5201		0.4223

		650		0.5073		0.519		0.4216

		651		0.5062		0.5179		0.421

		652		0.5051		0.5167		0.4203

		653		0.504		0.5156		0.4196

		654		0.5029		0.5145		0.4189

		655		0.5019		0.5134		0.4182

		656		0.5008		0.5123		0.4176

		657		0.4997		0.5112		0.4169

		658		0.4987		0.5101		0.4162

		659		0.4976		0.509		0.4155

		660		0.4966		0.5079		0.4149

		661		0.4955		0.5068		0.4142

		662		0.4945		0.5057		0.4135

		663		0.4934		0.5046		0.4129

		664		0.4924		0.5035		0.4122

		665		0.4914		0.5025		0.4116

		666		0.4903		0.5014		0.4109

		667		0.4893		0.5003		0.4103

		668		0.4883		0.4993		0.4096

		669		0.4873		0.4982		0.409

		670		0.4863		0.4972		0.4083

		671		0.4852		0.4961		0.4077

		672		0.4842		0.4951		0.407

		673		0.4832		0.4941		0.4064

		674		0.4822		0.493		0.4057

		675		0.4812		0.492		0.4051

		676		0.4803		0.491		0.4045

		677		0.4793		0.4899		0.4038

		678		0.4783		0.4889		0.4032

		679		0.4773		0.4879		0.4026

		680		0.4763		0.4869		0.402

		681		0.4754		0.4859		0.4013

		682		0.4744		0.4849		0.4007

		683		0.4734		0.4839		0.4001

		684		0.4725		0.4829		0.3995

		685		0.4715		0.4819		0.3989

		686		0.4705		0.4809		0.3982

		687		0.4696		0.4799		0.3976

		688		0.4686		0.4789		0.397

		689		0.4677		0.4779		0.3964

		690		0.4668		0.477		0.3958

		691		0.4658		0.476		0.3952

		692		0.4649		0.475		0.3946

		693		0.464		0.4741		0.394

		694		0.463		0.4731		0.3934

		695		0.4621		0.4721		0.3928

		696		0.4612		0.4712		0.3922

		697		0.4603		0.4702		0.3916

		698		0.4594		0.4693		0.391

		699		0.4584		0.4684		0.3904

		700		0.4575		0.4674		0.3898

		701		0.4566		0.4665		0.3892

		702		0.4557		0.4655		0.3887

		703		0.4548		0.4646		0.3881

		704		0.4539		0.4637		0.3875

		705		0.453		0.4628		0.3869

		706		0.4522		0.4618		0.3863

		707		0.4513		0.4609		0.3858

		708		0.4504		0.46		0.3852

		709		0.4495		0.4591		0.3846

		710		0.4486		0.4582		0.384

		711		0.4478		0.4573		0.3835

		712		0.4469		0.4564		0.3829

		713		0.446		0.4555		0.3823

		714		0.4452		0.4546		0.3818

		715		0.4443		0.4537		0.3812

		716		0.4434		0.4528		0.3807

		717		0.4426		0.4519		0.3801

		718		0.4417		0.4511		0.3795

		719		0.4409		0.4502		0.379

		720		0.44		0.4493		0.3784

		721		0.4392		0.4484		0.3779

		722		0.4384		0.4476		0.3773

		723		0.4375		0.4467		0.3768

		724		0.4367		0.4458		0.3762

		725		0.4359		0.445		0.3757

		726		0.435		0.4441		0.3751

		727		0.4342		0.4433		0.3746

		728		0.4334		0.4424		0.374

		729		0.4326		0.4416		0.3735

		730		0.4317		0.4407		0.373

		731		0.4309		0.4399		0.3724

		732		0.4301		0.439		0.3719

		733		0.4293		0.4382		0.3714

		734		0.4285		0.4374		0.3708

		735		0.4277		0.4365		0.3703

		736		0.4269		0.4357		0.3698

		737		0.4261		0.4349		0.3692

		738		0.4253		0.4341		0.3687

		739		0.4245		0.4332		0.3682

		740		0.4237		0.4324		0.3677

		741		0.4229		0.4316		0.3671

		742		0.4222		0.4308		0.3666

		743		0.4214		0.43		0.3661

		744		0.4206		0.4292		0.3656

		745		0.4198		0.4284		0.3651

		746		0.4191		0.4276		0.3646

		747		0.4183		0.4268		0.364

		748		0.4175		0.426		0.3635

		749		0.4167		0.4252		0.363

		750		0.416		0.4244		0.3625

		751		0.4152		0.4236		0.362

		752		0.4145		0.4228		0.3615

		753		0.4137		0.4221		0.361

		754		0.413		0.4213		0.3605

		755		0.4122		0.4205		0.36

		756		0.4115		0.4197		0.3595

		757		0.4107		0.419		0.359

		758		0.41		0.4182		0.3585

		759		0.4092		0.4174		0.358

		760		0.4085		0.4167		0.3575

		761		0.4078		0.4159		0.357

		762		0.407		0.4151		0.3565

		763		0.4063		0.4144		0.356

		764		0.4056		0.4136		0.3555

		765		0.4048		0.4129		0.355

		766		0.4041		0.4121		0.3546

		767		0.4034		0.4114		0.3541

		768		0.4027		0.4107		0.3536

		769		0.402		0.4099		0.3531

		770		0.4012		0.4092		0.3526

		771		0.4005		0.4084		0.3521

		772		0.3998		0.4077		0.3517

		773		0.3991		0.407		0.3512

		774		0.3984		0.4062		0.3507

		775		0.3977		0.4055		0.3502

		776		0.397		0.4048		0.3498

		777		0.3963		0.4041		0.3493

		778		0.3956		0.4034		0.3488

		779		0.3949		0.4026		0.3483

		780		0.3942		0.4019		0.3479

		781		0.3935		0.4012		0.3474

		782		0.3928		0.4005		0.3469

		783		0.3922		0.3998		0.3465

		784		0.3915		0.3991		0.346

		785		0.3908		0.3984		0.3456

		786		0.3901		0.3977		0.3451

		787		0.3894		0.397		0.3446

		788		0.3888		0.3963		0.3442

		789		0.3881		0.3956		0.3437

		790		0.3874		0.3949		0.3433

		791		0.3868		0.3942		0.3428

		792		0.3861		0.3935		0.3424

		793		0.3854		0.3928		0.3419

		794		0.3848		0.3922		0.3415

		795		0.3841		0.3915		0.341

		796		0.3834		0.3908		0.3406

		797		0.3828		0.3901		0.3401

		798		0.3821		0.3895		0.3397

		799		0.3815		0.3888		0.3392

		800		0.3808		0.3881		0.3388

		801		0.3802		0.3874		0.3383

		802		0.3795		0.3868		0.3379

		803		0.3789		0.3861		0.3374

		804		0.3783		0.3855		0.337

		805		0.3776		0.3848		0.3366

		806		0.377		0.3841		0.3361

		807		0.3763		0.3835		0.3357

		808		0.3757		0.3828		0.3353

		809		0.3751		0.3822		0.3348

		810		0.3745		0.3815		0.3344

		811		0.3738		0.3809		0.334

		812		0.3732		0.3802		0.3335

		813		0.3726		0.3796		0.3331

		814		0.372		0.379		0.3327

		815		0.3713		0.3783		0.3322

		816		0.3707		0.3777		0.3318

		817		0.3701		0.377		0.3314

		818		0.3695		0.3764		0.331

		819		0.3689		0.3758		0.3305

		820		0.3683		0.3752		0.3301

		821		0.3677		0.3745		0.3297

		822		0.3671		0.3739		0.3293

		823		0.3664		0.3733		0.3289

		824		0.3658		0.3727		0.3285

		825		0.3652		0.372		0.328

		826		0.3646		0.3714		0.3276

		827		0.364		0.3708		0.3272

		828		0.3635		0.3702		0.3268

		829		0.3629		0.3696		0.3264

		830		0.3623		0.369		0.326

		831		0.3617		0.3684		0.3256

		832		0.3611		0.3678		0.3252

		833		0.3605		0.3671		0.3247

		834		0.3599		0.3665		0.3243

		835		0.3593		0.3659		0.3239

		836		0.3588		0.3653		0.3235

		837		0.3582		0.3647		0.3231

		838		0.3576		0.3642		0.3227

		839		0.357		0.3636		0.3223

		840		0.3564		0.363		0.3219

		841		0.3559		0.3624		0.3215

		842		0.3553		0.3618		0.3211

		843		0.3547		0.3612		0.3207

		844		0.3542		0.3606		0.3203

		845		0.3536		0.36		0.3199

		846		0.353		0.3595		0.3195

		847		0.3525		0.3589		0.3191

		848		0.3519		0.3583		0.3187

		849		0.3514		0.3577		0.3184

		850		0.3508		0.3571		0.318

		851		0.3502		0.3566		0.3176

		852		0.3497		0.356		0.3172

		853		0.3491		0.3554		0.3168

		854		0.3486		0.3549		0.3164

		855		0.348		0.3543		0.316

		856		0.3475		0.3537		0.3156

		857		0.3469		0.3532		0.3153

		858		0.3464		0.3526		0.3149

		859		0.3458		0.352		0.3145

		860		0.3453		0.3515		0.3141

		861		0.3448		0.3509		0.3137

		862		0.3442		0.3504		0.3133

		863		0.3437		0.3498		0.313

		864		0.3432		0.3493		0.3126

		865		0.3426		0.3487		0.3122

		866		0.3421		0.3482		0.3118

		867		0.3416		0.3476		0.3115

		868		0.341		0.3471		0.3111

		869		0.3405		0.3465		0.3107

		870		0.34		0.346		0.3103

		871		0.3395		0.3455		0.31

		872		0.3389		0.3449		0.3096

		873		0.3384		0.3444		0.3092

		874		0.3379		0.3439		0.3089

		875		0.3374		0.3433		0.3085

		876		0.3369		0.3428		0.3081

		877		0.3363		0.3423		0.3078

		878		0.3358		0.3417		0.3074

		879		0.3353		0.3412		0.307

		880		0.3348		0.3407		0.3067

		881		0.3343		0.3401		0.3063

		882		0.3338		0.3396		0.3059

		883		0.3333		0.3391		0.3056

		884		0.3328		0.3386		0.3052

		885		0.3323		0.3381		0.3049

		886		0.3318		0.3375		0.3045

		887		0.3313		0.337		0.3041

		888		0.3308		0.3365		0.3038

		889		0.3303		0.336		0.3034

		890		0.3298		0.3355		0.3031

		891		0.3293		0.335		0.3027

		892		0.3288		0.3345		0.3024

		893		0.3283		0.334		0.302

		894		0.3278		0.3335		0.3017

		895		0.3273		0.333		0.3013

		896		0.3268		0.3325		0.301

		897		0.3263		0.332		0.3006

		898		0.3258		0.3315		0.3003

		899		0.3254		0.331		0.2999

		900		0.3249		0.3305		0.2996

		901		0.3244		0.33		0.2992

		902		0.3239		0.3295		0.2989

		903		0.3234		0.329		0.2985

		904		0.323		0.3285		0.2982

		905		0.3225		0.328		0.2978

		906		0.322		0.3275		0.2975

		907		0.3215		0.327		0.2972

		908		0.3211		0.3265		0.2968

		909		0.3206		0.326		0.2965

		910		0.3201		0.3256		0.2961

		911		0.3196		0.3251		0.2958

		912		0.3192		0.3246		0.2955

		913		0.3187		0.3241		0.2951

		914		0.3182		0.3236		0.2948

		915		0.3178		0.3232		0.2945

		916		0.3173		0.3227		0.2941

		917		0.3169		0.3222		0.2938

		918		0.3164		0.3217		0.2935

		919		0.3159		0.3213		0.2931

		920		0.3155		0.3208		0.2928

		921		0.315		0.3203		0.2925

		922		0.3146		0.3199		0.2921

		923		0.3141		0.3194		0.2918

		924		0.3137		0.3189		0.2915

		925		0.3132		0.3185		0.2912

		926		0.3128		0.318		0.2908

		927		0.3123		0.3175		0.2905

		928		0.3119		0.3171		0.2902

		929		0.3114		0.3166		0.2898

		930		0.311		0.3162		0.2895

		931		0.3105		0.3157		0.2892

		932		0.3101		0.3153		0.2889

		933		0.3096		0.3148		0.2886

		934		0.3092		0.3144		0.2882

		935		0.3088		0.3139		0.2879

		936		0.3083		0.3134		0.2876

		937		0.3079		0.313		0.2873

		938		0.3075		0.3126		0.287

		939		0.307		0.3121		0.2866

		940		0.3066		0.3117		0.2863

		941		0.3062		0.3112		0.286

		942		0.3057		0.3108		0.2857

		943		0.3053		0.3103		0.2854

		944		0.3049		0.3099		0.2851

		945		0.3044		0.3095		0.2848

		946		0.304		0.309		0.2844

		947		0.3036		0.3086		0.2841

		948		0.3032		0.3081		0.2838

		949		0.3027		0.3077		0.2835

		950		0.3023		0.3073		0.2832

		951		0.3019		0.3068		0.2829

		952		0.3015		0.3064		0.2826

		953		0.3011		0.306		0.2823

		954		0.3006		0.3055		0.282

		955		0.3002		0.3051		0.2817

		956		0.2998		0.3047		0.2813

		957		0.2994		0.3043		0.281

		958		0.299		0.3038		0.2807

		959		0.2986		0.3034		0.2804

		960		0.2982		0.303		0.2801

		961		0.2977		0.3026		0.2798

		962		0.2973		0.3022		0.2795

		963		0.2969		0.3017		0.2792

		964		0.2965		0.3013		0.2789

		965		0.2961		0.3009		0.2786

		966		0.2957		0.3005		0.2783

		967		0.2953		0.3001		0.278

		968		0.2949		0.2997		0.2777

		969		0.2945		0.2992		0.2774

		970		0.2941		0.2988		0.2771

		971		0.2937		0.2984		0.2768

		972		0.2933		0.298		0.2765

		973		0.2929		0.2976		0.2762

		974		0.2925		0.2972		0.276

		975		0.2921		0.2968		0.2757

		976		0.2917		0.2964		0.2754

		977		0.2913		0.296		0.2751

		978		0.2909		0.2956		0.2748

		979		0.2905		0.2952		0.2745

		980		0.2902		0.2948		0.2742

		981		0.2898		0.2944		0.2739

		982		0.2894		0.294		0.2736

		983		0.289		0.2936		0.2733

		984		0.2886		0.2932		0.273

		985		0.2882		0.2928		0.2728

		986		0.2878		0.2924		0.2725

		987		0.2874		0.292		0.2722

		988		0.2871		0.2916		0.2719

		989		0.2867		0.2912		0.2716

		990		0.2863		0.2908		0.2713

		991		0.2859		0.2904		0.271

		992		0.2855		0.29		0.2708

		993		0.2852		0.2897		0.2705

		994		0.2848		0.2893		0.2702

		995		0.2844		0.2889		0.2699

		996		0.284		0.2885		0.2696

		997		0.2837		0.2881		0.2694

		998		0.2833		0.2877		0.2691

		999		0.2829		0.2873		0.2688

		1000		0.2825		0.287		0.2685
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Experimental Setup: Thermal Potentiometer

1.4x10% cm doped
n-type InSb single crystal Cernox
Q /I H //[100]

30 mm AT,

B 1
* gl
4 /th

Measure the ratio of the heat it takes to keep the same gradient on both arms -
Ratio «, /kg

 Measurement is one of thermal flux, not temperature

* Independent of the magnetic field dependence of thermometry

» Choose temperature so that the small arm is in the size-scattering regime; the large
arm is in the anharmonic regime

 The small arm serves as a reference to probe anharmonic scattering in the large arm

H. Jin & al. (OSU): Nature Materials 14, 601-606 (2015) 27



Temperature and Magnetic Field Dependence

» Ratio «, /xg is magnetic-field dependent .
and quadratic in field 156 L }0

1.8

1.6

KL /Ks

14

1.2




Physical Meaning of ch/zc§

/ \
1. Effect occurs where the transport is still ballistic, \
; ; ; iﬁi“» \
but starts picking up a phonon scattering / o\
component. . 1000 |- /e *N o
X i ) . *
_ 1 _ 1 2 S
K_ECVV€_§CVV T ; ;
= rgl + 2';1 g .
10 2 P | 4, 4 s
1 2[ a4, Pt -1, -
Ks  3CV|rgs + 7, TeL T 7y 100 |
1 10
2. Thermal potentiometer eliminates specific heat T (K)
and sound velocities from the physics of the
problem. 4 1 .
: oL - _ — Toe +T N
3. If we consider the limiting case where 75 >> 2'¢l >>r KL Bi ¢1 Tle
4. For long-wavelength phonons (T<<6),) Ks T t7 Yy
Grineisen a=3 for cubic crystals (1)
TV\AQ/ZTa a=2 for trigonal crystals (2) K. N Tlgé o 1
-1 2 29
Proportionality constant ‘ Ks T¢ 4



Theory of Phonon-perturbated Diamagnetism

Frozen phonon

[101]
[101] |
[010]

el J

N
4

AN

7
N
7

%o

AN
4

N
4

A\ %4

o%ﬁ

Valence band structure frozen phonon

Energy (eV)
o = 0o

&
~

0._

A\ 4

-5x10%

Magnetization around frozen phonon

AM (ug/ A3)

H=7 T // [010]

Orbital magnetism in the valence band
Local moments weak

Gradients very sharp

Magnetic force on atoms:

Fu (N =V[M(r)-H]=H?Vx(r)

Magnetic force is anharmonic
— alters thermal conductivity 30



Comparison Theory — Experiment (no adjustable parameters)

1
K _ Tgs

oC

1

Ks

~N/

-1
Ty

2

/4

K. K.
P — P ) -2
S JH ppp =TT S JH ppp =0T _ /H appL=1T Y appL =0T

]
KS H appL =0T

-2
7/|-| appL=0T

I I 20
Theory ]

Experiment| _| 15
— 10

> 5

% LI O

1 | 1 | 1 | 1 _5

4 8 12 16

T(K)

H. Jin & al. (OSU): Nature Materials 14, 601-606 (2015)

Ay 1s) (€01 Ks) (%)

No adjustable parameters
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Summary: Major Advances in the Topic

Thermal measurements access transport properties of entities that are not electrically
charged:

1. Magnons and spins
2. Phonons

More Examples:

“Advances in sonic and thermal diodes, optomechanical crystals, acoustic and thermal
cloaking, hypersonic phononic crystals, thermoelectrics, and thermocrystals herald the
next technological revolution in phononics” (verbatim)

M. Moldovan, “Sound and heat revolutions in phononics”, Nature 503 209 (2013)

E 1 1 kHz 1 MHz 1 GHz 1 THz
requency T T T T T T T T T T T T T T
(Hz) 110" 102 10° 10* 10° 10° 107 10% 10° 10" 10" 10%2 10 10
Infrasourl So- Ultrasound | Hyperso- Heat
Music Ultrasound Thermal devices
Sonar imaging
Sonic diodes ’ Thermal diodes
Acoustic cloaking Optomechanics  Thermoelectrics

Thermal cloaking
Thermocrystals

32



Scientific Questions for the Near Future

Measure/harness topological protection in electrical insulators

Magnon and phonon dispersions and hybridized magnon/phonon band crossings
» |dentify topological invariants
* Weyl points

Mobility enhancement?

Unidirectional heat propagation?

Thermally activated mechanical (phononic) structures

E.g.:
Kane-Lubensky invariant: very-low-symmetry flexible structures

C. L. Kane & T. C. Lubensky, ”Topological boundary modes in isostatic lattices”, Nature
Physics 10, pages 39-45 (2014)

N.B. Brownian motion is observable on pollen = 100 um across (via molecular motion).



Technologies with Game-changing Potential

* Present:
 Heat management is what limits the density of integrated circuits today.
« Technological importance of non-linear thermal circuit elements:
o Solid-state refrigeration
« Waste-heat scavenging using non-linear thermal devices
 Thermal diode applications
 Thermal switch applications
 Thermal regulator and negative differential resistance circuits

G. Wehmeyer, T. Yabuki, C. Monachon, J. Wu, and C. Dames, “Thermal diodes, regulators, and
switches: physical mechanisms and potential applications,”” Appl. Phys. Rev. 4, 041304 (2017).

e Future:

* Imagine and develop fundamentally new principles for the operation of heat-to-work
engines, based on advances in thermal rectification and switching
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