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Enumerating the molecular building blocks of life is one 
of the great triumphs of the 20th century

BUT:

the reductionist hypothesis does not by 
any means imply a “constructionist” one

Anderson’s concerns were conceptual, 
but there are practical issues as well …
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e.g., If we identify all the relevant 
genes and their interactions in a 
network, what can we predict?

What’s the problem?

Every arrow has (at least) two 
parameters attached to it

Convergence of arrows hides an 
arbitrary function

4 genes, 3 inputs = 28 possible 
arrows

> 50 parameters

(concrete example from fly development)
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More Is Different 
Broken symmetry and the nature of 
the hierarchical structure of science. 

The reductionist hypothesis may still 
be a topic for controversy among phi- 
losophers, but among the great majority 
of active scientists I think it is accepted 
without question. The workings of our 
minds and bodies, and of all the ani- 
mate or inanimate matter of which we 
have any detailed knowledge, are as-
sumed to be controlled by the same set 
of fundamental laws, which except 
under certain extreme conditions we 
feel we know pretty well. 

It seems inevitable to go on  uncrit- 
ically to what appears at first sight to 
be an obvious corollary of reduction-
ism: that if everything obeys the same 
fundamental laws, then the only sci-
entists who are studying anything really 
fundamental are those who are working 
on those laws. In practice, that amounts 
to some astrophysicists, some elemen-
tary particle physicists, some logicians 
and other mathematicians, and few 
others, This point of view, which it is 
the main purpose of this article to 
oppose, is expressed in a rather well- 
known passage by Weisskopf ( I ): 

Looking at the development of science 
in the Twentieth Century one can dis-
tinguish two trends, which I will call 
"intensive" and "extensive" research, lack- 
ing a better terminology. In short: in-
tensive research goes for the fundamental 
laws, extensive research goes for the ex-
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planation of phenomena in terms of 
known fundamental laws. As always, dis- 
tinctions of this kind are not unambiguous, 
but they ale clear in most cases. Solid 
state physics, plasma physics, and perhaps 
also biology are extensive. High energy 
physics and a good part of nuclear physics 
are intensive. These is always much less 
intensive research going on than extensive. 
Once new fundamental laws are discov-
ered, a large and ever increasing activity 
begins in order to apply the discoveries to 
hitherto unexplained phenomena. Thus, 
there are two dimensions to basic re-
search. The frontier of science extends all 
along a long line from the newest and most 
modern intensive research, over the ex-
tensive research recently spawned by the 
intensive research of yesterday, to the 
broad and well developed web of exten-
sive research activities based on intensive 
research of past decades. 

The effectiveness of this message may 
be indicated by the fact that 1 heard it 
quoted recently by a leader in the field 
of materials science, who urged the 
participants at a meeting dedicated to 
"fundamental problems in condensed 
matter physics" to accept that there 
were few or no such problems and that 
nothing was left but extensive science, 
which he seemed to equate with device 
engineering. 

The main fallacy in this kind of 
thinking is that the reductionist hypoth- 
esis does not by any means imply a 
"constructionist" one: The ability to 
reduce everything to simple fundamen- 
tal laws does not imply the ability to 
start from those laws and reconstruct 
the universe. In fact, the more the ele- 
mentary particle physicists tell us about 
the nature of the fundamental laws, the 

less relevance they seem to have to the 
very real problems of the rest of sci- 
ence, much less to those of sooiety. 

The constructionist hypothesis breaks 
down when confronted with the twin 
difficulties of scale and complexity. The 
behavior of large and complex aggre- 
gates of elementary particles, it turns 
out, is not to be understood in terms 
of a simple extrapolation of the prop- 
erties of a few particles. Instead, at 
each level of complexity entirely new 
properties appear, and the understand- 
ing of the new behaviors requires re- 
search which I think is as fundamental 
in its nature as any other. That is, it 
seems to me that one may array the 
sciences roughly linearly in a hierarchy, 
according to the idea: The elementary 
entities of science X obey the laws of 
science Ye  

solid state or elementary particle 
many-body physics physics 

chemistry many-body physics 
molecular biology chemistry 
cell biology molecular biology 

* 
psychology physiology 
social sciences psychology 

But this hierarchy does not imply 
that science X is "just applied Y." At 
each stage entirely new laws, concepts, 
and generalizations are necessary, re-
quiring inspiration and creativity to just 
as great a degree as ,in the previous one. 
Psychology is not applied biology, nor 
is biology applied chemistry. 

In my own field of many-body phys- 
ics, we are, perhaps, closer to our fun- 
damental, intensive underpinnings than 
in any other science in which non-
trivial complexities occur, and as a re-
sult we have begun to formulate a 
general theory of just how this shift 
from quantitative to qualitative differ- 
entiation takes place. This formulation, 
called the theory of "broken sym-
metry," may be of help in making more 
generally clear the breakdown of the 
constructionist converse of reduction-
ism. I will give an elementary and in- 
complete explanation of these ideas, and 
then go on to some more general spec- 
ulative comments about analogies at 
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What should we do about all these parameters?
We need to add systems-level ideas to the reductionist description.

Give up, it really is that complicated.
More subtly, “quantitative biology” really is about learning complex models from limited data.

The only hope for a real theory is evolution.
Not about how things are, but about how they are related, historically.

Not all the parameters matter.
“Robustness” (?), or “sloppy models.”

Lots of parameters at the micro scale, but emergent functional phenomena are simpler.
Maybe this works as it does in condensed matter, via the renormalization group.

There is some principle that selects the parameters.
Random parameter choices don’t “work.”

In many ways, this provides a classification scheme for 
theoretical physicists’ approaches to the phenomena of life. 



Candidate principle: transmit as much relevant information 
as possible with limited resources.
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P (y) =

Z
dxP (y|x)Q(x)

Simplest case:
input output

How much “information” does the output provide about the input?

Shannon (1948): Entropy is the unique measure of 
available information consistent with simple postulates. Entropy reduction = Information gain
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dxP (x|y) logP (x|y)
�

entropy of inputs entropy of inputs, conditional on 
observing a particular output

average over 
outputs 
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P (x|y) = P (y|x)Q(x)

P (y)

average information gain

Bayes’ rule

This “mutual information” is symmetric.
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P (y|x)
describes noisy

input/output 
transformation

<latexit sha1_base64="KaNt/S5kf2Ger3gseVvegSkFysQ=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquKHosevHYgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyV3mdx6p0iySD2YaU1/gkWQhI9hkUrP6dD4oV9yaOwdaJV5OKpCjMSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsIbP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzrmpu87JSv83jKMIJnEIVPLiGOtxDA1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHTZ6NwA==</latexit>

Q(x) distribution 
of inputs



With fixed input/output relation and noise, information can be maximized by
adjusting the distribution of inputs (“achieving capacity”).

Or, with fixed noise and limited dynamic range at the output, information can be maximized 
by adjusting the (mean) input/output relation.

This “matching” is a parameter-free prediction.

e.g., 
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y = f(x) + ⌘
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0 < f(x) < 1
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h⌘2i = const ⌧ 1
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) f(x) =

Z x

�1
dx0 Q(x0)

Input/output relation of neurons in 
the fly retina match the distribution 

of input light intensities.
SB Laughlin, Z Naturforsch 36c:910 (1981).

Also leads to predictions about 
adaptation of neural input/output 

relations to changes in the 
distribution of inputs …

distribution 
of inputs

input/output 
relation

noise



Can we do this for a genetic regulatory element?

directly to make phenomenological predictions about maximum
available regulatory power and optimal distribution of expres-
sion levels. Caveats in the connection of theory with experiment
are collected at the end of this section. We emphasize at the
outset, however, that our goals are rather different from current
discussions of models of spatial patterning; rather than trying to
trace the pattern of expression levels down to specific molecular
mechanisms, we are trying to see whether we can predict at least
some features of these patterns by assuming that they reflect
optimal solutions to the problem facing the organism.

Maximum Information Transmission. Given the measurements of
the mean input/output relation g!(c) and noise !g(c) shown in Fig.
2, we can calculate the maximum mutual information between
Bcd and Hb concentrations by following the steps outlined
above; we find Iopt(c; g) ! 1.7 bits. To place this result in context,
we imagine a system that has the same mean input/output
relation, but the noise variance is scaled by a factor F, and ask
how the optimal information transmission depends on F. This is
not just a mathematical trick: For most physical sources of noise,
the relative variance is inversely proportional to the number of
signaling molecules, and so scaling the expression noise variance
down by a factor of 10 is equivalent to assuming that all relevant
molecules are present in 10 times as many copies. We see in Fig.
3 that there is a large regime in which the regulatory power is well
approximated by the small noise approximation. In the opposite
extreme, at large noise levels, we expect that there are (at best)
only two distinguishable states of high and low expression, so that
our problem approaches the asymmetric binary channel (31).
The exact result interpolates smoothly between these two lim-
iting cases with the real system (F ! 1) lying closer to the small
noise limit, but deviating from it significantly. In particular, it is
interesting to note that in this regime, increasing the capacity
from the optimum achievable at F ! 1 by 1 bit would require a
substantial increase (of 6-fold), in the number of available
signaling molecules, whereas doubling it would require "20
times as many molecules.

In the embryo, maximizing information flow from TF to target
gene has a very special meaning. Cells acquire ‘‘positional

information,’’ and thus can take actions that are appropriate to
their position in the embryo by responding to the local concen-
tration of morphogen molecules (22). In the original discussions,
‘‘information’’ was used colloquially. But in the simplest picture
of Drosophila development (25, 32), information in the technical
sense really does flow from physical position along the anterior–
posterior axis to the concentration of the primary maternal
gradients (such as Bcd) to the expression level of the gap genes
(such as Hb). Maximizing the mutual information between Bcd
and Hb thus maximizes the positional information that can be
carried by the Hb expression level.

More generally, rather than thinking of each gap gene as
having its own spatial profile, we can think of the expression
levels of all of the gap genes together as a code for the position
of each cell. In the same way that the 4 bases (2 bits) of DNA
must code in triplets to represent arbitrary sequences of 20 aa,
we can ask how many gap genes would be required to encode a
unique position in the Nrows " 100 rows of nuclei along the
anterior–posterior axis. If the regulation of Hb by Bcd is typical
of what happens at this level of the developmental cascade, then
each letter of the code is limited to less than two bits (Iopt ! 1.7
bits) of precision; because log2(Nrows)/Iopt ! 3.9, the code would
need to have at least four letters. It is interesting to note that
there are four known gap genes—hunchback, krüppel, giant, and
knirps (32)—which provide the initial readout of the maternal
anterior–posterior gradients.

We emphasize that in comparing the information capacity of
the Bcd/Hb system with the overall information needed for
anterior–posterior fate determination, we are making a sugges-
tion rather than drawing a conclusion. Although we tend to think
of each row of cells as adopting a unique and largely determin-
istic fate, which we can identify from the expression levels of pair
rule and other later genes in the developmental cascade (see, for
example, ref. 33), it is not known whether the gap genes convey
enough information to specify this fate, or whether other inputs
are essential. Our calculation does indicate, however, that the
limits to information transmission in transcriptional regulation
are significant on the scale of the information needed for
embryonic development, suggesting that the optimization of
information transmission is of direct biological relevance.

Thus far, we have emphasized the theoretical maximum

A B

Fig. 2. The Bcd/Hb input/output relationship in the Drosophila melano-
gaster syncytium at early nuclear cycle 14 (see ref.11). (A) Each point marks the
Hb (g) and Bcd (c) concentration in a single nucleus, as inferred from immu-
nofluorescent staining; data are from "11 # 103 individual nuclei across nine
embryos. Hb expression levels g are normalized so that the maximum and
minimum mean expression levels are 1 and 0 respectively; small errors in the
estimate of background fluorescence result in some apparent expression
values being slightly negative. Bcd concentrations c are normalized by Kd, the
concentration of Bcd at which the mean Hb expression level is half-maximal.
For details of normalization across embryos, see ref. 11. Solid red line is g! (c) !
cn/(cn $ Kd

n), with n ! 5, and error bars are %1 SEM. (B) Standard deviation of
the noise in Hb expression level as a function of Bcd concentration; error bars
are %1 SD across embryos. The curve is a fit to !g

2(g! (c)) ! "g! $ #g! 1.8(1 & g! )2.2

$ $, with " " 2.5 # 10&3, # " 0.5, and $ " 4 # 10&4. This functional form has
a microscopic motivation discussed in ref. 30, but note that any smooth
phenomenological fit to the data would suffice.

Fig. 3. Optimal information transmission for the Bcd/Hb system as a function
of the noise variance rescaling factor F. The factor by which the number of
input and output signaling molecules has to be increased for the correspond-
ing gain in capacity is "1/F. Dashed and dotted curves show the solutions in the
small-noise and large-noise approximations, respectively. The real system, F !
1, lies in an intermediate region where neither the small- nor the large-noise
approximation is valid. Measured information Idata(c; g) shown in red (error
bar is SD over nine embryos).
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information transmission, given the measured noise levels. But
does the embryo actually reach this optimum? The experiments
of ref. 11 can be thought of as sampling the joint distribution of
Bicoid and Hunchback concentrations in the (many) nuclei of
the embryo, P(c, g). From such samples, we can estimate the
distribution itself and, hence, the actual mutual information
between the Bicoid and Hunchback levels; because it is possible
to obtain !103 samples from a single embryo, the often chal-
lenging problems of finite sample size can be brought under
control by following the strategies described in refs. 34 and 35.
We find Idata(c; g) " 1.5 # 0.15 bit, where the error bar is a
standard deviation across nine embryos. This represents $90%
(0.88 # 0.09) of the theoretical maximum.

One might worry that $90% of the maximum information
transmission is easy to achieve; after all, the input/output relation
is nearly switch-like, and many different inputs thus are mapped
to nearly identical outputs. In fact, were we interested in
transmitting just 1 bit, this intuition would be correct, and almost
any randomly chosen distribution of inputs would be sufficient.
However, a detailed analysis (15) shows that transmission of !1
bit is quite difficult, and requires something close to the optimal
matching discussed here. Quantitatively, we find that if we
perturb about an optimum distribution and select perturbed
distributions that are readily distinguishable from the optimum
(technically, the Jensen–Shannon divergence between the two
approaches 1 bit), the information capacity of the perturbed
distributions rarely exceeds 1 bit, even if the optimal distribution
has a capacity of as many as 3 bits. Thus, the fact that the data
of ref. 11 demonstrate transmission of 1.5 # 0.15 bits, which is
$90% of the optimum, means that the embryo must generate
distributions of expression levels whose detailed structure is
close to the predicted optimum. We will now test this prediction
directly.

The Distribution of Expression Levels. In Drosophila embryos,
Hunchback in each nucleus is responding to its local Bicoid
concentration, set during the natural process of morphogen
gradient establishment. If we picture this as a process where a
single nucleus with its Bcd/Hb regulatory element probes dif-
ferent Bcd concentrations along the anterior–posterior axis, we
can pose several deeper questions. Instead of plotting Hunch-
back expression levels vs. either position or Bcd concentration as
is customary, we can ask about the distribution of expression
levels seen across all nuclei, Pexp(g), as shown in Fig. 4. The
distribution is bimodal, so that large numbers of nuclei have near
zero or near maximal Hb, consistent with the idea that there is

an expression boundary—cells in the anterior of the embryo
have Hb ‘‘on’’ and cells in the posterior have Hb ‘‘off.’’ But
intermediate levels of Hunchback expression also occur with
nonzero probability, and the overall distribution is quite smooth.

We can compare the experimentally measured distribution of
Hb expression levels with the distribution predicted if the system
maximizes information flow, and we see from Fig. 4 that the
agreement is quite good. The optimal distribution reproduces
the bimodality of the real system, hinting in the direction of a
simple on/off switch, but also correctly predicts that the system
makes use of intermediate expression levels. In particular, the
matching of the probability weights in the ‘‘on’’ and ‘‘off’’ state
as well as the nonnegligible number of nuclei ($20%) experi-
encing the intermediate state of induction are nontrivial pre-
dictions of our calculation.

The smooth distribution of expression levels is at variance to
the common view of the Bcd/Hb system as serving only to
delineate a sharp spatial boundary, for which a single bit of
capacity would suffice. As noted above, direct computations
from the data show that information beyond 1 bit is present, in
amounts very close to the maximum possible value. This extra
information depends upon the detailed structure of the distri-
bution, which we see is correctly predicted by the theory. More
precisely, the intermediate levels of Hb can have meaning only
if the noise at those levels is sufficiently low, and it is this intuitive
condition that leads to the predicted matching of the expression
level distribution to the noise levels. These details are important,
because it is precisely in this concentration interval where the
embryo ultimately partitions the anterior–posterior axis with a
precision of one nuclear row.

Caveats. Our results on the Bcd/Hb system are extremely en-
couraging. The real system achieves $90% of the maximum
information transmission, and the observed distribution of
Hunchback expression levels is in rather good agreement with
the distribution predicted from our optimization principle, with
no adjustable parameters. To be fair, however, we collect here
several caveats.

We have treated the simplest version of our theoretical
problem, considering one input and one output, with no feed-
back. In fact, Hb activates its own expression (36), and this must
contribute to the shape of the input/output relation and perhaps
also to the noise level. But an important aspect of our analysis
is that the maximum mutual information depends on the ob-
served input/output relation and noise in the system, and not
directly on the molecular mechanisms that generate these char-
acteristics. Thus, the information capacity is the same no matter
whether (for example) the steepness of the input/output relation
is the result of intrinsic cooperativity among Bcd molecules or a
self-activating feedback loop, assuming that both mechanisms
also account correctly for the observed noise level. On the other
hand, if the gradient of maternally expressed Hb provides a
separate path for transmission of positional information to the
final zygotic expression level, then our discussion of one input
and one output may be too drastic a simplification.

Bicoid has multiple targets and many of these genes have
multiple inputs (37), so to fully optimize information flow, we
need to think about a more complex problem than the single
input, single output system considered here. How does this
affect, for example, our discussion of coding by combinations of
gap gene expression levels? Because Bcd acts as an activator for
all of the gap genes, their expression levels would tend to provide
redundant information about the local Bcd level, reducing the
available positional information below the nominal capacity
estimated above. On the other hand, several of the gap genes are
mutually repressive, and [as with lateral inhibition in the visual
system (17)] this serves to remove redundancy and increase
information transmission. It would be attractive if these inter-

Fig. 4. The measured (black) and optimal (red) distributions of Hunchback
expression levels. The measured distribution is estimated from data of ref. 11
by making a histogram of the g values for each data point in Fig. 2. The optimal
solution corresponds to the capacity of Iopt(c; g) " 1.7 bits. The same plot is
shown on logarithmic scale in the Inset.
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relevant probability distributions. 

So we can do the general matching problem, 
numerically.  This predicts distribution of inputs, 

but more sensitive to distribution of outputs.

No free parameters.

G Tkačik et al, Proc Natl Acad Sci (USA) 105:12265 (2008). 

Let’s go back to the fly embryo …

Thus to achieve precision on the !10% level (i.e., dc/c !
0.1) requires T! 7000 s or nearly two hours. This is almost
the entire time available for development from fertilization
up to cellularization, and it seems implausible that down-
stream gene expression levels reflect an average of local
Bcd concentrations over this long time, especially given
the enormous changes in local Bcd concentration during
the course of each nuclear cycle (Gregor et al., 2007).

Our discussion ignores all noise sources other than the
fundamental physical process of random molecular ar-
rivals at the relevant binding sites; additional noise sources
would necessitate even longer averaging times. Although
there are uncertainties, the minimum time required to
push the physical limits down to the !10% level seems
inconsistent with the pace of developmental events.

Input/Output Relations and Noise
The fact that neighboring cells can generate distinct pat-
terns of gene expression does not mean that any single
step in the readout of the primary morphogen gradients
achieves this level of precision. Here we measure more di-
rectly the precision of the transformation from Bcd to Hb,
one of the first steps in the generation of anterior-posterior
pattern.

In Figure 3A we show confocal microscope images of a
Drosophila embryo fixed during nuclear cycle 14 and im-
munostained for DNA, Bcd, and Hb; the fluorescence
peaks of the different labels are sufficiently distinct that
we can obtain independent images of the three stains.
The DNA images allow us to locate automatically the cen-
ters and outlines of the !1200 nuclei in a single image of
one embryo (see Experimental Procedures). Given these
outlines we can measure the average intensity of Bcd and
Hb staining in each nucleus (Figure 3B). We have shown
in a companion paper (Gregor et al., 2007) that immunoflu-
orescent staining intensity I is proportional to protein
concentration c plus some nonspecific background,
I = Ac + B, where A and B are constant in a single image.
With this linearity, a single image provides more than
1000 points on the scatter plot of Hb expression level ver-
sus Bcd concentration, as in Figure 3C.

Scatter plots as in Figure 3 contain information both
about the mean ‘‘input/output’’ relation between Bcd and
Hb and about the precision or reliability of this response.
We can think of these data as the generalization to multi-
cellular, eukaryotic systems of the input/output scatter
plots measured for engineered regulatory elements in
bacteria (e.g., Figure 3B of Rosenfeld et al., [2005]). To an-
alyze these data we discretize the Bcd axis into bins,
grouping together nuclei which have very similar levels
of staining for Bcd; within each bin we compute the mean
and variance of the Hb intensity. We measure the Hb level
in units of its maximal mean response and the Bcd level
in units of the level which generates (on average) half-max-
imal Hb.

Input/output relations between Bcd and Hb are shown
for nine individual embryos in Figure 4A. Results from dif-
ferent embryos are very similar (see Experimental Proce-

dures for discussion of normalization across embryos),
and pooling the results from all embryos yields an input/
output relation that fits well to the Hill relation,

Hb = Hbmax
Bcdn

Bcdn + Bcdn
1=2

: (4)

The best fit is with n = 5, consistent with the idea that Hb
transcription is activated by cooperative binding of effec-
tively five Bcd molecules, as expected from the identifica-
tion of seven Bcd-binding sites in the hb promoter (Struhl
et al., 1989; Driever and Nüsslein-Volhard, 1989).

In Figure 4B we show the standard deviation in Hb levels
as a function of the Bcd concentration. Output fluctuations
are below 10% when the activator Bcd is at high concen-
tration, similar to results on engineered systems (Elowitz
et al., 2002; Raser and O’Shea, 2004). If we think of the
Hb expression level as a readout of the Bcd gradient,
then we can convert the output noise in Hb levels into an
equivalent level of input noise in the Bcd concentration.
This is the same transformation as for the propagation
of errors: we ask what level of error dc in Bcd concentra-
tion would generate the observed level of variance in Hb
expression,

s2
HbðBcdÞ=

!!!!
d½Hb%
d½Bcd%

!!!!
2

ðdcÞ2; (5)

Figure 3. Hb versus Bcd Concentrations from Fixed and
Stained Embryos
(A) Scanning confocal microscope image of a Drosophila embryo in

early nuclear cycle 14, stained for DNA (blue), Hb (red), and Bcd (green);

scale bar 50mm. Inset (28328mm2) shows how DNA staining allows

for automatic detection of nuclei (see Experimental Procedures).

(B) Scatter plot of Hb versus Bcd immunofluorescent staining levels

from 1299 identified nuclei in a single embryo.

(C) Scatter plot of Hb versus Bcd concentration from a total of 13,366

nuclei in nine embryos, normalized (see Experimental Procedures).

Data from the single embryo in (B) are highlighted.
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This is great, but the real system has several inputs and several outputs …
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maximize positional information by 
adjusting the mapping to maternal 

morphogen concentrations

if noise is small, the matching 
condition becomes

but the distribution of 
positions is uniform!

of positions that are consistent with a particular set of expression
levels that we might observe. By Bayes’ rule, this can be written as

PðxjfgigÞ=
P
!
fgigjx

"
PxðxÞ

Pg
!
fgig

" ; [9]

where PxðxÞ is, as before, the (nearly uniform) distribution of cell
positions and PgðfgigÞ is the (joint) distribution of expression
levels averaged over all cells in the embryo.
If the noise levels are small, then PðxjfgigÞ will be sharply

peaked at some xpðfgigÞ, which is the best estimate of the posi-
tion, given the expression levels. Expanding around this estimate,
the distribution is approximately Gaussian,

P
!
xjfgig

"
≈

1ffiffiffiffiffiffiffiffiffiffi
2πσ2x

p exp

"

−
!
x− xp

!
fgig

""2

2σ2x

#

; [10]

where the error in our position estimate is defined by

1
σ2x

=
X4

i;j=1

"
dgiðxÞ
dx

!
C−1"

ij

dgjðxÞ
dx

#$$$$$
x=xpðfgkgÞ

: [11]

All the terms in Eq. 11 are experimentally accessible.
Eq. 11 tells us the precision with which expression levels en-

code position: Observing the expression levels fgig allows us (or
the cell) to specify position, at best, with an “error bar” σx ; this
error could be different at different points in the embryo, so we
really should write σxðxÞ. Checking our intuition, we see that this
error bar is smaller when the variability in expression is smaller
(smaller C), when the mean slopes of the expression levels are
larger (larger dgi=dx), or when we can sum over more genes.
We can define a similar quantity based on measurements of
a single gene,

1
σxðxÞ

=
$$$$
dgiðxÞ
dx

$$$$
1

σiðxÞ
; [12]

and this construction is shown schematically in Fig. 4 A and B in
the case of Hb. Note that when σx is small, we can justify our
approximation that PðxjfgigÞ is sharply peaked, but when σx
becomes large, it is more rigorous simply to say that we do not
have much information about x rather than trying to give a more
quantitative interpretation.
Analyzing the spatial profiles and variability of gene expres-

sion as suggested by Eq. 11, we obtain the estimates of σx shown
in Fig. 4C. Remarkably, the reliability of position estimates based
on the four gap genes is σx=L∼ 1% (compare with dashed line),
almost precisely equal to the observed reproducibility with which
pattern elements are positioned along the anterior/posterior axis.
This is strong evidence that the gap genes, taken together, carry
the information needed to specify the full pattern. Further, this
positional accuracy is almost constant along the length of the
embryo, which again is consistent with what we see in Fig. 2. This
constancy emerges in a nontrivial way from the expression pro-
files, the noise levels, and the correlation structure of the noise.
If we try to make estimates based on one gene, we can reach
∼ 1% accuracy only in a very limited region of the embryo, but
the detailed structure of the spatial profiles ensures that these
signals can be combined to give nearly constant accuracy.
If the errors in estimating position really are Gaussian, as

in Eq. 10, then we can substitute into Eq. 4 to show that
I = hlog2½0:8L=ðσx

ffiffiffiffiffiffiffiffi
2πe

p
Þ$i, where L is the length of the embryo,

and h⋯i denotes an average over position. Computing this av-
erage, we have I = 4:14± 0:05  bits. Alternatively, we can use the
distribution of expression levels at each position, Eq. 8, to
compute the information directly as in Eq. 6, and we find

I = 4:1± 0:23  bits. The agreement between these estimates sup-
ports our approximations and gives us confidence that the mea-
surement of σx in Fig. 4 really does characterize the encoding of
positional information by the gap genes.
Thus, the gap genes carry enough information for each nu-

cleus to know its position with an error bar ∼ 1% of the embryo’s
length, and this is equal to the variability in localization of fea-
tures that emerge in later stages of development. On the other
hand, as noted above, this is not quite enough to specify the
position of every nucleus uniquely. Is it possible that more in-
formation is “hiding” in the expression profiles? In particular, if
the noise in neighboring cells is correlated, the errors in speci-
fying relative positions (e.g., that one cell is more posterior than
another) could be much smaller than the errors in specifying
absolute positions. As a first step, we can ask how much in-
formation the expression levels of the gap genes provide about
position measured from a “center of mass” that we compute
from the whole spatial profile, rather than position in the fixed
coordinate system that starts with x= 0 at the anterior end of the
embryo. This relative positional information is 0:7  bits larger
than the absolute positional information; although the data
are very preliminary, we see hints of a similar gain of informa-
tion about relative position for the peaks of Eve expression in
Fig. 2. These results indicate that, through spatial comparisons,
there may be enough information available to specify each
cell’s identity.

More Than One Bit per Gene?
The positional information carried by single gap genes is more
nearly two bits than one, as described above, suggesting that
spatial variations in gene expression define much more than on/
off expression domains. However, when we combine information
from different genes, redundancy among the spatial profiles of
the different genes limits the information gain, with the result

A B

C

Fig. 4. Positional error as a function of position. (A) Geometrical inter-
pretation of the positional error for a single gene (Hb) at a given position.
From Eq. 12, σxðxÞ is proportional to the reproducibility of the profiles and is
inversely proportional to the derivative of the mean profile. (B) Positional
error based on the expression of Hb alone (red; mean ± SEM from boot-
strapping) compared with the mean profile (gray). (C) Positional error based
on combinations of gap genes, from Eq. 11. Note that once we combine
information from all the gap genes, the net positional error is nearly con-
stant and equal to 1% along the entire anterior/posterior axis.
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Complicated patterns of 
gap gene expression 
lead to nearly uniform 
positional errors, as 
predicted from the 

matching condition. 
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I(x; {gi})/Imax = 0.984± 0.003

JO Dubuis et al, Proc Natl Acad Sci (USA) 110:16301 (2013). 

Noise level is the same 
as in subsequent events.
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Can we make the step                    more explicit?
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reliable inferences. To test whether this could be the case, we
compared c2 in Equation 2 between the mean WT and the
mutant gap gene expression (see STAR Methods, Exploring
mutant embryos). We found a surprising degree of overlap: the
largest c2 in the WT embryos is larger than 98% of the values
that we see in mutant embryos (Figure S2I); extreme values of
c2 in the mutant backgrounds are confined to small regions of
the embryo. Deletingmaternal signals introduces large perturba-
tions, yet the gap gene network responds in a way that is not far
outside the distribution of possible responses under WT condi-
tions. This fact is what makes decoding positional information
in mutant embryos feasible.

Many features of the decoding maps in Figure 4 are expected
from previous, qualitative characterizations of these mutant
backgrounds. Thus, whenwe delete tsl the distortions are largely
at the embryo’s poles (Figure 4A), to which tsl expression is
confined (Martin et al., 1994); and when we delete osk (which
controls the localization of the nos signal), we see major distor-
tions in the posterior (Figure 4C), consistent with nos being a
posterior determinant (Wang and Lehmann, 1991). When we
delete bcd there are major distortions in the anterior portion of
the map (Figure 4B), where the concentration of Bcd protein is
highest, but distortions of the map extend along the entire length
of the embryo, in contrast to the more local effects of removing
tsl or nos.

To further characterize the maternal patterning inputs, we
examined double mutant backgrounds, in which the positional
information is supplied by a single remaining maternal input (Fig-
ures 4D–4F). When the only spatial information is supplied by tsl
or nos (in embryos from mothers doubly mutant for bcd nos or
bcd tsl, respectively), the resultant embryos lack much of the
WT gap gene pattern. Inferred positions based on the levels of
the remaining gap genes at no point match the diagonal defined
by the WT pattern.

One challenge in analyzing embryos with patterning informa-
tion only from Bcd is that removal of nos and tsl results in uni-
formly high ectopic levels of maternal Hb (Hülskamp et al.,
1989; Struhl, 1989). These uniform levels confer no positional in-
formation but the repressive activity of Hb as a transcription fac-
tor blocks expression of gap genes and thus all patterning in the
abdomen (Gavis et al., 2008; Irish et al., 1989). As an alternative,
we have generated germline clones (Hannon et al., 2017), which
lack maternal hb activity, as well as positional cues from nos and
tsl. These mutant backgrounds have a rich collection of pair-rule
stripes, providing amore detailed test of our theory. Surprisingly,
decoding maps in these mutant embryos (Figure 4E) have a
nearly continuous ridge of density, with a width close to that in
WT, that runs nearly from x=L= 0:3 to x=L = 0:8. This is qualita-
tively consistent with the observation that these embryos show
WT patterns between the gnathal and sixth abdominal segments
(Hannon et al., 2017). It is also surprising that we can achieve
precise (if distorted) decoding at x=Lx0:8, where the only source
of positional information is the Bcd protein, which is present at
very low concentrations (Little et al., 2011, 2013).

Quantitatively Testing the Dictionary
While the predictions of optimal decoding are in qualitative
agreement with expectations from previous work, it is crucial
that this theoretical framework makes detailed quantitative pre-
dictions about positions. The peaks of pair-rule expression are
positional markers that predict features of the final body plan,
and thus we take these peaks as a measure of the embryo’s
own readout of positional information (Figures S5B–S5D). Inde-
pendent of our work, it is much less clear how levels of pair-
rule expression relate to development; therefore, the units of
pair-rule gene expression are normalized within each genotype,
and we make no attempt to compare these levels across
genotypes.

A B C D

Figure 3. Decoding with an Increasing Number of Gap Genes in WT Embryos
(A–D) Top row: dorsal fluorescence intensity profile(s) from simultaneously stained embryos (mean± SD); units scaled so that 0 (1) corresponds to minimum

(maximum) mean expression. Bottom row: decoding maps, Pðx"jxÞ from Equation 4, averaged over 38 embryos. (A) Decoding using single gene (Kr, blue) (also

Figures 2 and S1C).

(B) Decoding using a combination of two genes, Kr (blue) and Hb (red) (also Figure S1D).

(C) Decoding using three genes, Kr (blue), Hb (red), and Gt (orange) (also Figure S1E).

(D) Decoding using all four gap genes.

See also Figure S1.
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Once we include all the gap genes, ambiguities are removed and we recover the 1% precision from above.

Notice that this uses all the locally available information. MD Petkova et al, Cell 176:844 (2019).
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P (x|{gi}) =
P ({gi}|x)P (x)

P ({gi})
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Does the embryo really do this computation?

Use the power of Drosophila genetics.

Mutants defective in maternal inputs produce 
distorted patterns of gap gene expression.

We “decode” these with the optimal estimator.

We can see what cells “think” about their 
position by looking at pair-rule stripes.

Still no free parameters.

As a first example, when we delete bcd (Figure 4B), quantita-
tive distortions of the map extend even into the posterior half of
the embryo, so that the map is shifted, and the plot of x! versus x
(following the ridge of high probability in the map) does not have
unit slope. In particular, expression levels found at x=L= 0:7 (or at
x=L = 0:55) have their most likely decoded values at x!=L= 0:75
(or x!=L = 0:67). But in the WT embryo, positions x=L= 0:75 and

x=L= 0:67 are associated with the stripes vii and vi of expression
for the pair-rule gene eve, as shown at left in Figure 4. If the ma-
chinery for interpreting gap gene expression is using the same
dictionary that we have constructed mathematically, then we
predict that the bcd deletion mutants should shift these two
Eve stripes to x=L= 0:7 and x=L = 0:55, which is what we see
(Figure 4B). More dramatically, expression levels at x=L= 0:23

TA P TA P TA P

TA P TA P TA P

A B C

D E F

Figure 4. Decoding Maps and Stripe Locations in Mutant Embryos
(A–F) Average decoding maps for six maternal mutant backgrounds (whitened APT symbols above the panels signify whether the anterior A, posterior P, or

terminal T systems are deficient): (A) etsl4; (B) bcdE1; (C) osk166; (D) bcdE2 osk166; (E) Bcd-only germline clone; and (F) bcdE etsl1; same grayscale used in Figure 3D.

Measured Eve expression profiles in WT embryos (left side of A and D), and in mutant embryos (below each corresponding decoding map); individual profiles

(gray), mean profile (black), and peak locations (black dots), units scaled so that 0 (1) corresponds to minimum (maximum) mean Eve expression within each

genotype. Average locations of WT Eve stripes (horizontal dotted lines) are used to predict Eve stripes in the mutant backgrounds: stripes expected at AP lo-

cations in mutant embryos where horizontal dotted lines intersect peak(s) of the probability density. Open black circles mark intersections of horizontal dotted

lines and respective average locations of Eve stripes in mutant embryos (vertical dotted lines). Variable number of Eve stripes highlighted by horizontal starred

bars (see B and F; see Figure S6). Red line in (C) marks observed Eve stripe that is not predicted by the decoding map. Red line in E shows a predicted Eve stripe

that is not observed in the mutant embryo. When horizontal lines intersect a broad probability distribution, we expect to observe diffuse Eve stripes like in (F).

(A) shows additional predictions for Run (cyan) and Prd (magenta) stripes; the dense collection of markers traces the ridge of implied positions in the decoding

map with very high accuracy.

See also Figures S2, S3, and S4 and Video S1.
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(A–F) Average decoding maps for six maternal mutant backgrounds (whitened APT symbols above the panels signify whether the anterior A, posterior P, or

terminal T systems are deficient): (A) etsl4; (B) bcdE1; (C) osk166; (D) bcdE2 osk166; (E) Bcd-only germline clone; and (F) bcdE etsl1; same grayscale used in Figure 3D.

Measured Eve expression profiles in WT embryos (left side of A and D), and in mutant embryos (below each corresponding decoding map); individual profiles

(gray), mean profile (black), and peak locations (black dots), units scaled so that 0 (1) corresponds to minimum (maximum) mean Eve expression within each

genotype. Average locations of WT Eve stripes (horizontal dotted lines) are used to predict Eve stripes in the mutant backgrounds: stripes expected at AP lo-

cations in mutant embryos where horizontal dotted lines intersect peak(s) of the probability density. Open black circles mark intersections of horizontal dotted

lines and respective average locations of Eve stripes in mutant embryos (vertical dotted lines). Variable number of Eve stripes highlighted by horizontal starred

bars (see B and F; see Figure S6). Red line in (C) marks observed Eve stripe that is not predicted by the decoding map. Red line in E shows a predicted Eve stripe

that is not observed in the mutant embryo. When horizontal lines intersect a broad probability distribution, we expect to observe diffuse Eve stripes like in (F).

(A) shows additional predictions for Run (cyan) and Prd (magenta) stripes; the dense collection of markers traces the ridge of implied positions in the decoding

map with very high accuracy.

See also Figures S2, S3, and S4 and Video S1.
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MD Petkova et al, Cell 176:844 (2019).

Many stripes, six different mutants …
GtKni Gt

Pair-rule outputs

a

x*

P(x*|{g1,g2,g3,g4})
(decoding dictionary)

P(x*|x)
(decoding map)

Gap genes

Eve 2 enhancer

Bcd Tor Nos

Maternal 
inputs

g1 g2
g4 g3

Kni KrHb

Eve (implied position)

Eve 5 enhancer

b
A T P

g1(x) g2(x) g3(x) g4(x)

Kni Hb
KrGt

Kni Hb
KrGt

A T P



“Top-down” system-level principles can generate detailed, quantitative 
predictions, circumventing highly parameterized “bottom-up” models.

BUT, some of our most powerful experimental tools probe and manipulate 
biological systems at the molecular, not the system level.

Can top-down principles reach all the way to the bottom?
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